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Abstract 

Electrons carrying orbital angular momentum (OAM) have recently been discovered theoretically and 
obtained experimentally that opens possibilities for using them in high-energy physics. We consider such a 
twisted electron moving in an external field of a plane electromagnetic wave. Being motivated by the develop- 
£SJ . ment of high-power lasers, we focus our attention on a classically strong-field regime for which —e 2 A 2 /m 2 > 1. 

It is shown that along with the well-known "plane-wave" Volkov solution, Dirac equation also has the "non- 
plane-wave" solutions with OAM and a spin-orbit coupling, which generalize the free-electron Bessel states. 
Motion of the electron with OAM in a circularly polarized wave reveals a twofold quiver character: the 
wave-packet center moves along a classical helical trajectory accompanied with the pure quantum vibrations 
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around it due to OAM. Using the twisted states, we calculate the electron's total angular momentum and 
predict its shift in the strong-field regime that is analogous to the well-known shifts of the electron's momen- 
tum and mass (and to a less known shift of its spin) in the strong laser fields. Since the electron's effective 
angular momentum is conserved in a plane wave, as well as in a constant crossed field, we discuss some 
possibilities for accelerating non-relativistic twisted electrons. 



In recent years, photons carrying orbital angular momentum (OAM) have become objects of an intensive 
study that led to creation of a new subfield in quantum optics (see a recent review in [I]). These twisted photons 
are good candidates for trapping and moving different nano- and micro-objects in condensed matter physics, 
| atomic physics, biology, etc. [2J[3]. It has recently been shown that rotating black holes can produce OAM in 
the photons radiated near them [HE]. A way of obtaining the twisted photons with the energies up to GeV 
■ range via the Compton backscattering process has been proposed in [6]. 

It is evident that the massive particles, for example electrons, can also carry OAM being quantized along 
1 the direction of their motion. The examples of solutions for the Dirac equation, which describe an electron 
possessing some OAM, were given, for example, in [TIE] - The method for creating such electrons was proposed 
T 7"! . by Bliokh et al. in [9] and soon after this the twisted electrons were obtained experimentally by several groups 
^ | with the values of the OAM-projection m up to m ~ 100h [10H12] . Though the energies of these electrons are 
^ ■ not high yet, e c ~ 300 KeV, their creation itself opens possibilities for using twisted particles in high-energy 
H . physics. The simplest quantum processes with twisted scalar particles were studied theoretically by Ivanov and 
- - 1 Serbo in [J3HH]. 

In this paper, we consider a twisted electron moving in an external field of a plane electromagnetic wave and 
present the corresponding exact solution of the Dirac equation. The study of twisted states in the background 
fields is important at least for two reasons: 1.) it allows one to describe motion of the twisted particles in these 
fields that, consequently, can suggest a way for accelerating electrons with OAM up to GeV-energy range, 2.) 
it makes possible to calculate different quantum processes of high-energy physics the simplest of which is the 
Compton scattering. 

On the other hand, the development of high-power lasers allows one to achieve the laser intensities up to 
10 26 W/cm 2 within the next few years (see, for example, Extreme Light Infrastructure project [15]). When 
being observed in the rest frame of a relativistic electron, the field strength of such a laser can approach to 
the Sauter-Schwinger limit E c ~ 1.3 x 10 18 V/m that leads to the different non-linear quantum phenomena (see 
some recent results in [16|.ll7j ) . Being motivated by this fact, we focus our attention on the case of the strong 
laser wave, which is characterized with the well-known "classical" parameter rf = —e 2 A 2 /m 2 (see §101 in |18j). 
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The electron's twisted states presented in this paper generalize the free-electron Bessel states recently 
obtained by Bliokh et al. in [19 1 . They are, in addition, the simplest example of the non-Volkov solutions for 
the Dirac equation with the external plane- wave field, as was demonstrated by Bagrov et al. in [7J. Using 
these states, we calculate the electron's effective angular momentum (OAM + spin) in a wave and predict its 
shift in the strong- field regime for which rj > 1. Such a shift appears due to the electron's spin precession 
and it is analogous to the well-known change of the electron's momentum and mass in a strong laser wave. 
Though this effect is negligible when m > it can lead to the effective reduction of spin (for helicity states: 
A — > for 7} > 1), or even inversion of the one (A —> —A for rj 3> 1), that can, consequently, influence some 
quantum processes such as the non-linear Compton scattering and the Breit- Wheeler pair production. Finally, 
we discuss some possibilities for accelerating non-relativistic twisted electrons with the use of azimuthally 
symmetric electromagnetic fields such as the focused laser beams and the "combined" fields (plane wave + 
longitudinal electric and magnetic fields). System of units H = c = 1 is used throughout the paper. 



2 Free twisted scalar particle 

Consider a quantum system described with a vector \ip) that obeys the Klein-Gordon equation. Let us 
expand this state over the plane waves: 

,Vp m\p) (i) 



(27T) 



with \p) oc e~ ipr ,p 2 = m 2 . The projection onto the plane- wave state, ip(p) = determines the physical 

model the initial state \ip) corresponds to. In the simplest case, the choice ip(p) = (27r) 4 <5^ 4 - ) (p — p) gives the 
ordinary plane wave |?/>) = \p). It is clear that such an expansion is possible only if the first state represents a 
complete set of functions that allows one to invert the expansion. 

The scalar state with a given projection of OAM onto the direction of the "averaged" motion (z axis) 
is defined as a state with the definite energy e, "longitudinal" mementum pn , and the absolute value of the 
"transverse" momentum k. We shall call this twisted state. According to this definition, one can choose: 



im(t> p 

^{p) = (27r) 3 (-i) m 5(po - e)5( Pz - Pll )5( P± - k) , (2) 

PL 

where (fi„ is the azimuthal angle of the momentum p, and m = 0, ±1, ±2, ... can be called the azimuthal quantum 
numbeio Inserting ([2]) into ([TJ, we have 

|V) = \e, P pK,m) = NJ m (p K )e-^ t+ ^ z+im ^. (3) 

Here, J m is the Bessel function, <p r is the azimuthal angle of the vector r = {p, z}, and iV is the normalization 
constant. As can be seen, this state is an eigenfunction of the OAM's z-projection operator l z = [rxp] z = —id^ . 
A transition to the plane-wave case is performed when k — > 0, so that 

Here and below one can put m > without a loss of generality. In what follows, we shall call the infinitesimal 
ks limiting case as the paraxial limit. 

It can be easily checked that the states ([3]) represent an orthogonal and complete set of functions: 

^r^lv' «',m'( r )^,P||,«,m( r ) = N2 ( 27r ) 2 5 mm >5{p\\ -pj|)-<5(« - k'), 



d z p 



E J ^ |A »(^m(r) = N 2 5(r - r>). (5) 

The normalization constant ./V can be chosen from the condition 

d 3 rj° = 1, f = ^id^ip + c.c. (6) 



1 Do not confuse the mass with the azimuthal quantum number m\ 
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where the integration is carried out over the large, but finite cylindrical volume V = itR 2 L. Taking into account 
Eq.([3]), we have 

2tt L/2 R R 

J d 3 rj° = 2eN 2 J d<\> J dz j dppJ^np) = 2e2vLN 2 j dppJ^np). (7) 

V -L/2 

Integral over p is evaluated with the use of the Lommel formula [20J (it can also be derived from Eq. 6.521.1 
in IS]): 

R 

J dppJ 2 m {K P ) = ^( K {j' m {KR)) 2 + J 2 m (KR)( K l-^)), (8) 



As a result, we find the following expression for the normalization constant 

N = -^-= 1 (9) 

Vi 1 I (,r m ^R)Y + ,P m (nR)(l - ^ 



For the large values of the cylinder radius (i? S> K 1 ), we have (compare with [6]I13|): 

R— s-oo 

dppdU.p) - JL, N - ] f^. (10) 

We now return to the problem of the transition from the twisted states to the plane- wave states in 
the limiting case k — > 0. As can be seen from the last expression, a correct transition can be performed when 
getting rid of \fk from the numerator of N: 

~2~ 1 1 



—^—r=\e,P\\, k — v 0,m) = . =( 



It is this approach, which was used in the papers [6 lll3pi4j . Such a fact appeared because the formula (fTUj) itself 
is correct for the non-zero transverse momenta k 3> RT l only. When normalizing the twisted states in a finite 
volume (i.e. for the constant N from ©) such an additional multiplication is superfluous. Indeed, expanding 
the Bessel function for the small values of momenta, n <C -R -1 , we have 



m 2 



{J' m {^R)) 2 + JI(kR) (1 - J « S m , + 0(«). (12) 
Taking into account Eq.([3|), we finally arrive at the ordinary "plane- wave" state 

\s,p h K,m) = -L= Jm[pK)6 -> _^ e -fe*+*ll*. (13) 



with the normalization constant being equal to N = l/V2eV. 



3 Free twisted electron 

A free electron with a projection of OAM onto the direction of the "averaged" motion is described via 
solution of the Dirac equation (ijd — m)ip(r) = that can be sought in the way analogous to ([1]): 

4>(r) = J ^-^{ p )Nu{p)e-^, (14) 

In the standard representation of the Dirac matrices, the bispinor u(p), which obeys the Lorentz-invariant 
normalization condition uu = 2m, can be written as follows (see, for example, [18]): 

u {v) = {\/s + m w, y/e — m(ncr)w) T . (15) 
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The two-component spinor w, which obeys the normalization condition vrw = 1, can define the helicity states 
of a free electron. They are determined with the following equation: (ncr)w^ /2 = Xw^ , A± 1/2, n = p/p = 
{sin 6 p cos (ftp, sinOpSin 4> p , cos 6p}. The solution for this equation can be written as follows: 

w {x) (n) = -i= (2\y/l + 2A cos Ope'^ 2 , y/l-2X cos ^e^/ 2 )^^, (16) 

where the common phase factor is chosen so that the azimuthal dependence vanishes in the paraxial limit 
Op -> : w( 1/2 \0 p -> 0) = (1,0) T , io (_1 / 2) (e p -> 0) = (0, 1) T . Note that the bispinor u(p) can be represented 
in the following way 

U{p) = u (V2) e ^p(A-l/2) + u (-l/2) e ^(A+l/2)_ (17) 

Choosing the function V'(p) i n the form analogous to ([2]), but with (_^ m + A ± 1 / 2 instead of just (—i) m , we 
get the Bessel states of the free electron, which were obtained in a bit different form in [8lll9j: 

?/,(r) = Ne- iet+ip W z {u^ J m +\-i/2{pK>y Mm+X - 1/2) + « (4/2) 4 + j+i/ 2 (pK)e iWm+A+1/2) ). (18) 
The bispinors 

u^ 1 / 2 ) = -J= (o, VeT^Vl - 2Acos<9, 0, 2A v / £ 3 ro Vl - 2A cos 0^ , 
uWV = -L ^2Av / e + m\/l + 2Acos0, 0, v/e^mVl + 2A cos (9, o) T (19) 

are the eigenfunctions of the spin's z-projection operator with the eigenvalues s z = ±1/2: 

^(±1/2) := i S g U (±l/2) = :4« (±1/2) , (20) 



where in the standard representation 5] = diag(<x,cr). Here, 6 is the polar cone angle: sin# = k/ ' \/p 2 + k 2 . 
The formula (11811 can be re- written as follows 



\e,p h K,j z = l z + s z = to + A) = |..., l z = m + A - 1/2, s z = +1/2) + |..., l z = to + A + 1/2, s z = -1/2) (21) 

i.e. the Bessel state f)18|) is an eigenfunction of j z = l z + s z operator with an eigenvalue m + A. Unlike the wave 
function of a scalar particle, this state represents a sum of two components that illustrates the spin-orbital 
connection of the free electron. Note that the operators l z , s z do not commute separately with the Dirac 
Hamiltonian, but the sum of them j z = l z + s z commutes that means the z-projection of the total angular 
momentum is an integral of motion. In the paraxial case, the operator j z transforms into the one of helicity. 

In order to calculate the density of the probability current for twisted states, one needs to calculate the 
products of the form ■u±i/ 2 7' 1 ' u ±i/2- By the direct calculation in the standard representation one can obtain 
the following expressions: 

""1/27^1/2 = {e,0,0,2Ap}(l + 2Acos(9) = p (A) (l + 2Acos6>), 
Ui/2^u_i/ 2 = k{0, 1, -i,0} = «e(_), k = psm9, 
W-i/27^1/2 = k{0, l,i,0} = Ke (+) , 

U-i/ 2 f l U-i/2 = {e,0,0,-2Ap}(l -2Acosfl) = p ( _ A) (l - 2Acos6»). (22) 



And, as easy to check, 

= «l/27 M «l/2 + 

2p fl = 2{e, k cos (j) p ,K sin <j) p ,p cos 9}, (23) 



u^u = u 1/2 ^u 1/2 + u 1/27 ^u_ 1/2 e^ + u_ 1/2 ^u 1/2 e + u_ 1/2 ^u_ 1/2 



as should be. 

Thus, for the current density one obtains the following formula (arguments of the Bessel functions are 
omitted): 

f(p) = i>Yi> = N 2 [j 2 m+x _ l/2 p^ X) (l + 2Acos0) + 2J TO+A _ 1/2 J m+A+1/2 «" + J^ +A+1/2 pf_ A) (l - 2Acos0))24) 
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where = {0, kcos (f> r , nsm <j> r , 0} is denoted. This current density acquires the "transverse" components and 
also a dependence upon the transverse coordinates. This feature for a particle is the pure quantum effect and 
it is sometimes called the OAM-Zitterbewegung [9]. 

As can be checked, the set of functions (fT8|) is also orthogonal and complete: 

d ^ r ^t,p'K',m',A r )^p P K,m,\{r) = N 2 {2n) 2 2e5{p\\ -p\\)- -SxyS mm >, 

' ||' ' ' Kj 

E / (03< P ||,«,m 1 A(r , )^ ) P|| ) « I m 1 A(r) = N 2 2s5(r - r'). (25) 

We determine the normalization constant in (|18|) with the condition 1 = fyd s rj°, j° = \ip(r)\ 2 that leads 
to the following expression 

N = ((1 + 2A cos e)I m+x _ 1/2 + (1 - 2A cos 9)I m+x+1/2 ) ^ (26) 

where / m +A±i/2 is defined as follows 

2 

I m (KR) := (J^kR)) 2 + Jl (kR) (l - -J^) (27) 

Note also that in the paraxial limit (0 — > 0) the twisted state transforms into the plane wave with m = and 
the normalization constant in this case is 



4 Twisted electron in a plane electromagnetic wave 

Let us now construct the twisted states of an electron moving in an external field of a plane electromagnetic 
wave with a potential = A^((p),(p = (kr). The existence of such "non-Volkov" solutions for the Klein- 
Gordon and Dirac equations was indicated in [7j. We suppose that the wave, which moves in the negative 
direction of the z-axis: k = {oj, 0, 0, — u} = un, n = {1,0, 0, — 1}, tp = (kr) = ui(t + z)), is adiabatically switched 
off in the far past and future. In this case, the electron moves in the positive direction of the z-axis on average, 
whereas it does strictly along this axis in the paraxial case when k — > 0. We take the potential in the Lorentz 
gage (that in the case under consideration means (kA) = uj(A° + A 3 ) = 0) and also suppose that it is a 
space-like four-vector: A 2 < 0. This suggestions completely fix the gage. 

The wave functions of the electron with some z-projection of the OAM can be sought as the integral over 
the "plane- wave" Volkov solutions of the Dirac equation (see, for example, |18|): 

W= /(SjV'WIP). b)=*v(r) = Jv(l + ^( 7 fc)( 7 .4))a(j,K s , 

s =-«-(S)/*M-l A2 )- < 28 > 

Here, S is the classical action for the electron in the wave, while the bispinor 

+ m {lk)ilA) ) = exp / * F ^""} (29) 

takes into account an interaction of the electron's spin with the wave's field. Here, F^ v = d^A u — d v A^ and 
a ^u = {^^^ v — ^ u ^)/2 are denoted. The constant vector p in the limiting case k — > 0,A — > transforms to 
the 4-momentum of a free "plane-wave" electron. 

Choosing the function ip(p) is the form analogous to ([2]), we obtain (remember the factors (— i)^ 1 / 2 , which 
are hidden in u(p)) 

^(r) = N(-ir +x exp {-iet + i Pll z + i^J d^A 2 } (l + ^( 7 *)( 7 A)) 
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Here, the vector p already has the "transverse" components and, consequently, the product (pA) may depend 
upon the integration variable <f> p . Indeed, all the terms depending upon the azimuthal angle in the action (|28p 
are: 

-(pr) - py / MpA) = -(pK), ^ = ^ + py/ &pA». (31) 
Note that if the time averaging is applied, one has: 

K = r. (32) 

It is clear already from this fact that the electron in the wave may not have a definite z-projection of the OAM 
(or even of the total momentum: OAM + spin) and it may have only the time-averaged "effective" angular 
momentum. This situation is analogous to the existance of the mean quasi-momentum of the electron without 
OAM in the wave's field (see, for example, [18^122] and below). 

In order to evaluate the integrals in (|30p . (|3ip . it is necessary to define the model of the plane wave. Let us 
consider for definiteness the circularly polarized laser wave with the potential of the following form 

A = a{0, cos ip, sin cp, 0}, A 2 = — a 2 . (33) 

Thus, we have: 

im(f) p + iKpco${6 r — 4> p ) — i / d<p(pA) = im<f> p + ikTZ± cos(4>n 

(pk) J 



Kl = (r ± + —- J dipA ± ) ,K^ = {0,Kj_ax<fa.,Kj_B3n<hi,0}. (34) 
Inserting this into Eq. (|30j) . one finally obtains the following wave function: 

2 2 

ij)(r) = iVexp| -iet + ip\\z-i-^^(kr)^(l + -^^(^k)(jAfj 
x (^ (1/2) J m+A -l/2(^±)e^^ +A - 1/2 ) + n(~ 1 /2) J m+x+1/2 ( K ll ± yM m +^) , (35) 



which is in a close analogy with Eq. (|18p . As can be seen, when the field of the wave vanishes we are left with 
the Bessel states of the free electron ()18p , whereas we have the ordinary Volkov solutions in the paraxial cased. 
Thus, the twisted states obtained differ from the free-electron twisted states ()18p in the replacement of the 
energy and the "longitudinal" momentum by the quasi-energy and the corresponding quasi-momentum (see 
their definitions below) and also in the replacement of the "transverse" coordinates: p —> H±. Note that the 
orthogonality and completeness of the states (|35|) follow already from the adiabatic switching-on and -off of 
the laser wave at t — > ±oo. 

Before normalizing the states (|35p . let us calculate their current density. Calculation is performed with the 
use of Eq. ([22]) and the identity 



+ ass^^M 1 + 2W) ( ' ,k)( ' ,A) ) = 7 " - eA 'W> + k "m M - w> (36) 

As a result, we obtain the following expression (arguments of the Bessel functions are not shown): 
f(r) = ,W = ^(^ +A _ 1/2 (1 + SAcosS,^, - e A-<|H) _ *-^^) + 

2J m+ A-,/ 2 J m+i+1/2 (« + ek " <J ^) + 4, + A +1 /2(l " 2A cos A) - eA- { -^l - k*'-^^.) W) 

where = {0, ncos fin, Ksin (j>n, 0} is denoted. This current density reveals a twofold quiver character of the 
electron's motion: the terms with A^ (ip), which vanish on average, describe the helical quasi-classical motion of 
the wave-packet center, whereas the "non-paraxial" terms with correspond to the pure quantum vibrations 
around the classical trajectory, which appered due to OAM. 



2 The term with (pA) in the exponential vanishes because in this case p — > {e, 0, 0,p} and A = {0, A x , A v , 0}. 
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The mean value of (j36|) gives the electron's kinetic momentum in the wave 7T^. Its time average is called 
the quasi-momentum q^ 1 := tt^ (see [18, 22J in more detail): 



»iv - + k *m M - w ))- = 2{ T - + ^ts) M - 1 )) s 2 " 



It is clear from this expression that the terms at the Bessel functions in (|37p represent the components of the 
electron's kinetic momentum. 

We would like to stress the noticeable difference between the expressions obtained and the ones for a 
free twisted electron. Here, the arguments of the Bessel functions depend upon the plane wave's phase and, 
consequently, on time: 1Z±_ = lZ±(<p). On the face of it, if we normalized the twisted states in a way analogous 
to the Volkov electron as J v d 3 rj° = 1 (see, for example, § 101 in [IB]), this fact would forbid the time 
averaging simply by striking off all the terms linear on the wave's phase tp. Nevertheless, thanks to the fact 
that <f = (kr) = (klZ) = uj(TZ° + TZ 3 ), the Bessel functions standing under the integral over coordinates can be 
considered to be independent of 1Z° that allows one to perform the time averaging in the usual way. Moreover, 
for the model of the laser wave (|33p the time averaging is actually unnecessary, since A 2 = —a 2 does not depend 
on time and ^4° = 0. We shall return to this problem a bit later. Finally, it is easy to check that in this case 
d 3 r = d 3 lZ (the Jacobian equals unity), so we get: 



j d 3 rj° = j d 3 Kj° = N 2 2nL j dfc x n x {j^ x _ l/2 {l + 2Acos%° A) + J 2 m+x+1/2 (l - 2Acos%°_ 
V V 

-1/2 



=> N = -j={l m+x _ 1/2 {KR){\ + 2Acos%[ ) A) + I w+A+1/2 (Ki?)(l - 2Acos0)g°_ A) J . (39) 
Here, I m is defined in (1271) and we have also introduced the denotations: 



e 



2 A 2 (kp {x) ) e 2 A 2 (k P( _ x) ) 



*) = £ ~ q U) = £ ~ ^" 2 l v lf" - (40) 

In the paraxial limit (9 — > 0), we have the ordinary Volkov state with m = and the normalization constant 
is N — > l/^/2q°V, as expected. 

As in the case of the free twisted electron, the state (|35p represents a sum of two functions. Each of these 
terms is an eigenfunction for the operator —id^ n , but the differentiation now is done over the azimuthal angle 
of the vector TZ± instead of the one of p. As easy to show, it is the operator L z = —idj, n , which is the integral 
of motion for a scalar particle instead of l z = —id^ r [7]. Let us calculate for simplicity the mean value of these 
operators by using the corresponding solutions of the Klein-Gordon equation: 

^(r) = A^exp { - iet + ip\\z - j^^(fcr)} J m ( K n ± )e i ^ m . (41) 

After rewriting the operator l z = —id$ r in terms of the new variables 

d ( ea sinf^i? — o?) \ d ea , , . d ... 

'* - -Wr = + W) - s tr jei ) + % W) ms<M ~ (42) 

we arrive at: 

(t x ) = J d 3 TZr(r)U(r) j J d 3 U\^{r)\ 2 = m = (L z ). (43) 
All the "superfluous" terms here have vanished after the integration over <frn- 

5 Spin of the electron without OAM in a strong laser wave 

The twisted state obtained describes the electron with an "almost" definite OAM due to the spin-orbital 
connection. Let us take a closer look at the spin characteristics of this state and the role of the spin-orbit 
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coupling. It is easy to see that when the free-electron bispinor u(p) is a helicity state (p = {0, 0,p}), the Volkov 
state is not: T, z ipv( r ) / 2\ipv(r). An analogous situation takes place for the twisted state ([35]) : action of the 
S 2 operator does not lead to the simple multiplication on ±1. To begin with, let us calculate the mean value 
of the spin's z-projection over the ordinary Volkov states without OAM: 

(s z } = J d\r V {r)\^v(r) = N 2 f t ?ra(l + ^( 7 A)(7*;))7 ^(l + ^-(7A ; )(7A)) U (44) 

Noting that for the wave model under consideration the spin exponential (|29p contains only the matrices^] 
^x,y> a x,y> which all anti-commutate with S z , we obtain the simple expression: 

s^ v (r) = Xexp{-^-J d<pF^ u }i> v (r) = \(l + j^( 1 A)( 7 k)^ v (r). (45) 

Multiplying this on ifjy from the left, taking into account the formulas 

u*au = 2p, u*T, z u = 4eA, u*j 5 u = -4pA, (46) 

and performing the time averaging, we arrive at the following expression for the mean value of the "effective" 
spin (remember that N 2 = l/2qoV): 

(§ Z ) = N 2 [ d\x(2e-u^)=X—^. (47) 



2e + w W 



This formula means that the electron's spin in a laser wave experiences precession with some mean value of the 
helicity, which is shifted due to the laser wave (in analogy with the quasi- momentum) . It is interesting that 
such a shift occurs to the "wrong" direction resulting in reduction of the effective spin. In the formal limiting 
case of the strong laser wave with a 2 — > oo, we have a spin inversion (non-radiative spin-flip): (s z ) — > —A. 

A similar shift can be obtained for the invariant of the spin four- vector s 2 by analogy with the mass's shift. 
The general expression for the "effective" polarization vector in a laser wave is calculated as a mean value of 
7^7 over the Volkov states [22J: 

e 2 A 2 



(A"(sk) - k»(sA)) - k^^--(sk). (48) 



(pk)\ v ' v ') 2(pk) 

Indeed, without a time averaging the square of the electron's kinetic momentum tt^ (see (|38[) ) coincides with 
the square of the free-electron's momentum and, consequently, with its "bare" mass: n 2 = p 2 = m 2 . However 
after the time averaging one gets an "effective" mass: tt^ =: q^, q 2 = m 2 := m 2 (l — e 2 A 2 /m 2 ) > m 2 . An 
analogous situation takes place for the spin invariant: before the time averaging we have for helicity states just 

s* 2 = s 2 = -C 2 = -(2A) 2 = -l. (49) 

However after the averaging we arrive at the following 

For a head-on collision of a longitudinally polarized electron with a circularly polarized wave, we have (see 
components of the spin 4- vector in |18j ) 

(sk) 2 /(pk) 2 = (2\/m) 2 = -s 2 /m 2 . (51) 

As a result, we arrive at the following spin invariant's shift, which is always negative (it is clear already from 

my- 

s - 2 = s 2 (i + ^)^Iyzi^ = A yi— J, r, 2 = -^4- ( 52 ) 

V m z J 2 ra A 



"•F^a^ = 2(aE) + 2i(EH) 
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i.e. in contrast to the mass's shift, here — s~* 2 < —s 2 . Actually, the shifts of the mass and spin occur in 
the different directions just because the momentum p^ is a time-like four-vector, p 2 > 0, whereas the spin 
four-vector is space-like: s 2 < 0. 

As follows from these formulas, the electron's "effective" spin in a strong laser wave can formally turn into 
zero and, what is maybe even more unexpectedly, the invariant s"* 2 changes its sign in the point r\ = 1. In 
fact, this means that in the classically strong laser fields with r\ > 1 the electron (or the electron beam) can 
behave itself as being spontaneously depolarized. We would like to emphasize that such an effective reduction 
of spin is absolutely "kinematical" (because it appears due to precession) and it has no relation to the so-called 
radiative polarization (or the Sokolov-Ternov effect) arising due to the radiation of photons. In other words, in 
the case under consideration the electron in the laser wave is absolutely stable, so such an effect appears only 
when it moves in the wave. 

Investigating the "effective" spin's z-component in the laboratory frame (see (|47p ). we find that its mean 
value (s 2 ) turns into zero under the following condition: 

£ = W 5l = %2 2(^)' (53) 

From this, we have (7 = e/m): 

r ? 2 = 2 7 2 (l + /3) (54) 

with the minimum value of 770 being equal to 2. Thus, for the modern lasers with rj > 1 such a shift is noticeable 
for the non-relativistic electrons only. 

6 Angular momentum of the twisted electron in a strong laser wave 

Consider now the twisted electron in a laser wave. Let us calculate the mean value of the operator j z = 
—idfa + Xz/2 over the states ([35]) . Taking into account Eqs. ([22|) and ([36]) . we arrive at: 



(L z ) = J d 3 Tir(r)(-id^)iP(r) = N 2 J d 3 u((m + A - 1/2)^(1 + 2A cos 0) J 2 +A _ 1/2 + 

+(m + A + 1/2)^_ A) (1 - 2Acos0) J 2 t+A+1/2 ) (55) 



which is in a close analogy with the free twisted electron. Here, we omitted the terms vanishing after the 
integration over (ft-j^. When calculating the mean value of the spin's z-projection we use the following formula: 

n / e 2 a 2 uo 2 ie , ~_. ie 2 , 
= 7(1 '1 — TTo" - T-rr(iTS) + — — -7t(HY;)(Ecx) 

' V 2{pk) 2 (pk) y ' 2{pk) 2K n ' 

E= f d(pE, H = [ dipH. (56) 



When integrating the mean value of this expression over (ftn, the non-zero contribution will solely come from 
the terms independent of the azimuthal angle. Furthermore, the term (i?S) does not make a contribution at 
all, since u^^E^ii^^ = 0, as easy to check. Finally, the contribution of the last term in ([56]) is reduced to 
the calculation of the following averages (remember that a = — 7 5 5],7 5 S = 5]7 5 ): 

n i/27 5n i/2 = — 2Xp(l + 2A cos 6), u*_ 1 ^ 2 j 5 u_ 1 / 2 = —2Xp(l — 2Xcos9), u^_ 1/ / 2 7 5 ^=fi/2 = 0- (57) 
As a result, we have: 

i(E,) = \N 2 f d 3 n[(l + 2Xco S e)J 2 n+x _ 1/2 [e-u^^(k P{x) ) 

2 2 

-(1 - 2A cos 6)J 2 m+x+1/2 (e - u JL±-(kp { _. x) j) ) . (58) 
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Figure 1: The electron's effective total angular momentum in the laser wave as a function of its intensity. 
Upper panel (a, b): m = 0,k — > 0, lower panel (c, d): m = 100, k = 50 KeV. Left panel (a, c): 7 = 2, right 
panel (b, d): 7 = 10. The angular momentum is shifted due to precession of the spin. 



If the terms q?±x) = £ + we2a2 (^(±A))/2(p^) 2 took place in this expression instead of e — u;e 2 a 2 (kp(±\-))/2(pk) 2 
(see Eq. po]) ). we would obtain exactly (j z ) = m + X (as for the free twisted electron) when summing Eq.([55]) up 
with (L z ) from Eq. (|55p (see the expression for the normalization constant in ([39])). However, as stated above, 
the laser wave results in the shift of the electron's spin in the direction opposite to the momentum. It leads to 
the following expression for the z-projection of the total angular momentum: 

/2 2 
d 3 ^((l + 2Acos0) J^ +A _ 1/2 ((m + A)e + (m + A - l) u JL±-(kp w )) + 

2 2 

+(1 - 2A cos 9) J 2 m+x+1/2 ((m + \)e + (m + A + l) w J^_(fc P( _ A) )) ) . (59) 

It is clear that the intensity-induced shift of (j z ) is negligible when m > 1, so the total angular momentum 
in this case is (j z ) ~ m + A ~ m being the "effective" integral of motion. In Fig.l we represent this shift as a 
function of the laser intensity parameter 77 in two cases: non-relativistic electron with the Lorentz-factor 7 = 2 
and the relativistic one with 7 = 10. As can be seen in Fig.l, in the formal limit 77 3> 1, which is known to 
correspond to the constant crossed field [18,22J, the electron's effective helicity changes its sign (a non-radiative 
spin-flip due to precession) that can be significant for non-relativistic electrons with the small values of m only. 
It can also be shown that the plots for m^0 are almost independent of the k's value. Nevertheless, high-power 
lasers providing the values 77 3> 1 already exist (such as, for example, Vulcan [23]) and even more powerful 
facilities are under construction (such as ELI |15|). It means that such an angular momentum's shift can, in 
principle, influence some quantum processes in the strong laser fields. 

Note that in the current model of the circularly polarized wave the time average in Eq. (|59p was not per- 
formed. However, such an average, as easy to show, is equivalent to the integration over the azimuthal angle 
(fin- In other words, the very same formulas for OAM and spin could be obtained a bit easier when initially 
performing the average over 7Z° that would result in the striking out the terms like (HY1) and in the replace- 
ment of (JTS)(JBa) by cj 2 a 2 [a x S] 2 /2 in Eq. ([56|) . On the other hand, in the paraxial limit (k — > 0) Eq. ([59|) 
for (j z ) transforms into Eq. ([37|) for (s z ) multiplied by S m> o. This supports the claim that the time average used 
when deriving Eq. ()47p is actually unnecessary for this model of the laser wave: we just omitted from the very 
beginning the terms, which would anyway vanish after the integration over the azimuthal angle. 
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7 Discussion 



Until now, only non-relativistic twisted electrons with the energy of ~ 300 KeV are experimentally realized, 
so the crucial question is how to accelerate them up to relativistic energies without the losses of OAM. The 
simplest way is to apply some external field for which the angular momentum's projection onto the direction 
of motion (z-axis) is conserved in time, at least, on average. Such a field is a plane wave, but it actually 
cannot accelerate particles effectively. In order to transmit some energy to the particle, it is necessary to have 
a non-zero z-component of the electric field. We see two principal possibilities: 

• One can use focused laser beams whose TM-modes is known to have the non-zero z-components of the 
electric field. It is also known that at least for a weakly focused (along z-axis) laser waves, the z-projection of 
the electron's angular momentum is an integral of motion [24] . On the other hand, a tightly focused laser beam 
can acquire its intrinsic spin-orbit coupling that makes such a beam equivalent to a Bessel electromagnetic 
beam with the small (but non-zero!) value of m (see, for example, Eq.(3) in |25j). The trapping of charged 
particles in such beams can be effective, as has recently been discussed in [26[I27|. though a conservation of the 
electron's OAM in this field is questionable for its not very high values. Note also that non-relativistic electrons 
can be reflected from the laser wave (see [23] and the literature therein) that can decrease the efficiency of 
acceleration. 

• Another possible way is to combine the plane-wave field, which will trap the electrons, together with 
longitudinal constant electric field and, maybe, with longitudinal magnetic field. The conservation of the 
averaged angular momentum in such a scheme follows from the fact that both the electric field and the plane- 
wave field can always be effectively excluded from the equations of motion as well as from the Klein-Gordon 
equation [7J. In other words, the problem of motion in the so-called "combined" field (plane wave + longitudinal 
electric and magnetic fields; see, for example, [71126 [128]) can be reduced to the well-known problem of motion 
in a constant magnetic field with its strength directed along the z-axis. The crucial fact here is that the 
z-projection of the electron's angular momentum is an integral of motion for the constant magnetic field as 
well as for a free particle (see, for example, [28 J. It allows one to effectively apply the "combined" field for 
accelerating non-relativistic twisted electrons. 

For the sake of convenience, we demonstrate here the simplest example of the effective excluding the laser 
wave from the twisted states. Firstly, one could expand the initial state \if>) in (j28|) over the |g)-states instead 
of \p). For this purpose, one should rewrite the Volkov solution in terms of the quasi- momentum q. For the 
circularly polarized laser wave from Eq. (|33p . after the integration by parts one can present the action in the 
following way: 



This action has a form of the one for a free electron with replacements: p — > q, r — > 1Z (compare with [7J). In 
addition, instead of the free-electron bispinor u(p), which enters the Volkov solution, it is necessary to take the 
bispinor u(q) obeying the equation {jq — m)u(q) = 0. As a result, we find the required |g)-states: 



Formally, this expression differs from the "plane-wave" state of the free electron only in the spin term and 
from the Volkov solution it does only in the replacement u(p) — > u(q). Expanding now the twisted state over 
these |</)-states, as in (|28p . we obtain for ip(r) the formula, which differs from Eq. (|35p only in that the bispinors 
u (± 1//2 ) now depend on the polar angle of the vector q instead of the one of p, and also on q° instead of £@. 

Thus, the field of a plane wave can be effectively excluded from the Volkov solution of the Klein-Gordon 
equation. The same trick can be applied to the longitudinal electric field as well [7j. It means the electron's 
effective angular momentum is conserved in the "combined" field (neglecting the spin's shift) that allows one to 
accelerate non-relativistic twisted electrons without the losses of OAM. On the other hand, this conservation is 
justified only when neglecting the radiation of photons, which can take the electron's OAM away. In order to 
estimate the OAM radiation losses, it is necessary to calculate the amplitude of the non-linear Compton effect 
with a twisted electron. For the weak laser fields with 77 <^ 1 and the big values of OAM, m 3> 1, one can use 
the "bare" QED with the scalar twisted particles, as was demonstrated in [13[ I14]. 

4 Hence, the helicity states are defined as (ern)w = 2\w, n — q/q. 




(60) 




(61) 
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Let us now discuss the angular momentum's shift in a strong laser wave. Though an effective reduction of 
the spin (or even inversion of the one) seems to be negligible for the twisted electron with m 3> 1, it can bring 
about some changes in the quantum cascade processes in the strong fields of the modern lasers with 77 > 1. 
Indeed, when propagating through a beam of the strong laser the "plane-wave" electron with m = is known 
to produce an electron-positron avalanche via the nonlinear Compton scattering and the Breit- Wheeler pair 
production processes |16| . The parameters of such an avalanche were shown to be very sensitive to polarization 
of the laser beams |17j . It is clear that changes in the effective polarization state of the electrons and positrons 
(due to precession of their spins in a strong field) would lead to some variations in the scattering cross section 
that can, therefore, influence the avalanche-like process. More detailed calculations are required to see how 
strong this effect is. 

On the other hand, the shift of the electron's helicity just illustrates the obvious fact that the helicity is 
no longer an integral of motion for the electron in the plane-wave field. One can suppose that the choice of 
another spin quantum number, whose spin operator commutes with the Dirac Hamiltonian, would be more 
effective, since there will be no any spin's shift in this case. Such spin operators, which are integrals of motion, 
are given, for example, in [28], however, their physical interpretation stays unclear. 

Finally, another possible application of twisted electrons, positrons and other particles with m 3> 1 is worth 
noting. It is well-known that the polarization states of particles are of the great importance for a number 
of processes to be studied at the future colliders such as the Compact Linear Collider and the International 
Linear Collider (see, for example, [29,30j). Since the value of the particle's OAM can be, in principal, arbitrary 
large, the influence of the OAM degree of freedom on the different quantum processes may turn out to be 
even more powerful than that of spin. While a production of the highly polarized positron beams for the next 
generation colliders seems to be a serious problem, it can be reasonable to consider the alternative schemes 
with "OAM-polarized" twisted beams. 

8 Conclusion 

In most cases, the "plane-wave" states of particles are used in calculations of high-energy physics. Never- 
theless, the quantum processes where such states are inapplicable are well-known (see, for example, |31]). The 
massive particles carrying orbital angular momentum, which may be called the twisted particles (by analogy 
with photons pQ), represent one of the simplest examples of the "non-plane- wave" states. The experimental 
production of these particles (namely, electrons with m ~ 100) opens possibilities for studying different quan- 
tum processes by colliding these particles with each other, with the "ordinary" particles without OAM, with 
the beams of high-power lasers, etc. 

The OAM, as a new degree of freedom, may turn out to be highly important for a number of processes in 
quantum electrodynamics and quantum chromodynamics, since the values of OAM can be much higher than 
those of spin. In particular, the twisted states of an electron in an external plane electromagnetic wave, which 
we have presented in this paper, allow one to calculate such quantum processes as the non-linear Compton 
scattering and the Breit- Wheeler pair production. On the other hand, the exact solutions of relativistic wave 
equations describing the twisted states enable one to study the motion of these particles in external fields that 
can, consequently, suggest a way for accelerating non-relativistic electrons with OAM. As we have demonstrated, 
a combination of the plane wave together with the longitudinal electric field makes the acceleration of twisted 
electrons possible. 

Author is grateful to V.G. Bagrov, P.O. Kazinski, A. P. Potylitsyn, and, especially, to Igor Ivanov for 
stimulating criticism and fruitful discussions. This work is partially supported by the Russian Ministry for 
Science and Education within the program "Personnel of Innovative Russia" (contract No. Ill 199) and the 
internal TPU grant No.2.81.11. 
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